We introduce a general class of toy models to study the quantum informationtheoretic properties of black hole radiation. The models are governed by a set of isometries that specify how microstates of the black hole at a given energy evolve to entangled states of a tensor product black-hole/radiation Hilbert space. The final state of the black hole radiation is conveniently summarized by a tensor network built from these isometries. We introduce a set of quantities generalizing the Renyi entropies that provide a complete set of bipartite/multipartite entanglement measures, and give a general formula for the average of these over initial black hole states in terms of the isometries defining the model. For models where the dimension of the final tensor product radiation Hilbert space is the same as that of the space of initial black hole microstates, the entanglement structure is universal, independent of the choice of isometries. In the more general case, we find that models which best capture the "information-free" property of black hole horizons are those whose isometries are tensors corresponding to states of tripartite systems with maximally mixed subsystems.
Introduction
While semiclassical calculations [1] suggest the breakdown of unitarity in the black hole evaporation process [2] , it is widely believed that in a complete quantum theory of gravity, information about the initial state of the black hole can, in principle, be recovered from the final state of the Hawking radiation. For example, in the AdS/CFT correspondence, the formation and evaporation of a small black hole in Anti-de-Sitter space should be described precisely by unitary evolution of a state in the dual conformal field theory. Assuming this unitarity, it is interesting to understand more precisely the quantum-information theoretic structure of the outgoing radiation, for example to understand how deviations from thermality allow the encoding of the black hole initial state.
1
In the past, various authors (see e.g. [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] ) have studied toy models of black hole evaporation, in which a quantum system with Hilbert space H BH ⊗H rad evolves unitarily, with information from the black hole subsystem H BH being transferred somehow to the radiation subsystem H rad . In these models, various conditions are imposed on the dynamics in order to incorporate physical features expected of black hole evaporation. In this note, we introduce and study a very broad class of models of this type. Our goal is to make only a few plausible assumptions and provide some general tools for investigating the quantum information-theoretic structure of the resulting black hole radiation.
We impose only a few basic constraints on our models:
• We require that the model is information-preserving, that is, the map between the initial black hole state and the state of the radiation subsystem after evaporation is an isometry (i.e. a unitary map to a subspace of the radiation system).
• In physical black hole systems, the radiation quanta have typical energies of order k B T , where T = dE/dS is the black hole temperature. This implies that microcanonical entropy changes by a fixed amount per quantum emitted throughout the evolution. We model this by taking the evolution to be a series of discrete steps (each corresponding to the release of one thermal particle), with the logarithm of the number of available states in the black hole subspace decreasing by the same amount at each step.
• We require that the emitted radiation does not influence the future evolution of the black hole. We impose this by requiring that each bit of radiation lives in a separate tensor product factor of the radiation Hilbert space, and that at each step, the current state of the black hole determines the state of the black hole plus only one of these radiation Hilbert space factors.
In section 2 below, we describe a very general setup incorporating these constraints. We point out that the final state of the radiation subsystem containing the information about 1 For a recent review on the black hole information paradox, see [14] .
Figure 1: Model for black hole evaporation. At each step, the state of the black hole is mapped via an isometry to a state of the combined system of the black hole plus the first radiation subsystem, while the state of the nth radiation subsystem is transferred to the state of the (n + 1)st radiation subsystem.
the initial black hole state is naturally described by a tensor network, as depicted in figure  2 . Here, black hole microstates from an ensemble with entropy n log d are encoded in a subsystem of the radiation Hilbert space given by a tensor product of n copies of a dimension D Hilbert space. The information-preserving property requires that D ≥ d, and we refer to the special case D = d as 'maximally efficient', since here the radiation subspace in which the black hole initial state is encoded has the same dimension as the space of black hole initial states.
In section 3, we describe various measures that can be used to understand the entanglement structure and other information-theoretic properties of the final state of the radiation. First, we can calculate entanglement entropy and Rényi entropies for various radiation subsystems (describing subsets of the emitted quanta) in order to characterize the basis-independent information included in the density matrix for that subsystem. We also describe a generalization of the Rényi entropies that captures additional information contained in the full multipartite density matrix that is independent of the choice of basis for each of the subsystems. For an n-part system, these measures are calculated starting with k copies of the full density matrix ρ b 1 b 2 ···bn a 1 a 2 ···an , and n elements (σ 1 , . . . , σ n ) of the permutation group S k . The quantity
is then defined by contracting up the k pairs of indices for the jth subsystem according to the permutation σ j , as explained in more detail in section 3. We argue that these quantities give a complete set of invariants under independent changes of basis for the subsystems and are general measures of multipartite entanglement in the system.
In section 4, we carry out a calculation of these entanglement invariants in a general model when we average over all the possible initial states of the black hole. We find that for a given model, there is a single density matrix ρ I for the tensor product radiation Hilbert space, constructed from the isometries defining the model, such that all of the averaged entanglement invariants for the model may be expressed as linear combinations of the entanglement invariants for this single "master" state. In section 5, we evaluate these measures of entanglement more explicitly in the special case of the maximally efficient models. In this class of models, we show that the entanglement structure in the black hole radiation is universal: when averaged over initial states, the results for all the entanglement measures described in section 3 do not depend on the specific isometries I n defining the model, and are simply the results for a Haar-random state of the multipart radiation system. For such systems, the entanglement entropy of a subsystem is given by the well-known result of Page [15] , and the subsystem Rényi entropies have been calculated previously in [16, 17] . We introduce new diagrammatic calculational techniques that relate these quantities and the more general quantities of section 3 to certain generating functions that appear in the theory of the symmetric group. These techniques provide an alternative derivation of the previous results, a new simpler formula for the Rényi-entropies, and expressions for the more general multipartite entanglement measures discussed in section 3.
In section 6, we return to the general case, and use the results of section 4 to investigate which choices of isometries give models that best capture the "information free" property of black hole horizons. Specifically, we determine constraints on the isometries that arise from demanding that in each radiation step, the output state in the dimension D radiation subsystem is as close as possible to the maximally mixed state of that subsystem. We find that a sufficient condition is that the tensors I n mi defining the model correspond to states I n mi |n ⊗ |m ⊗ |i (2) for which each subsystem is maximally mixed.
We end in section 7 with a discussion. Finally, some combinatoric details for the derivations of section 5 are presented in an appendix. This paper is based on the UBC undergraduate thesis [18] .
Relation to earlier work
While many of the basic features of our models have appeared before in the literature, we believe that our setup is more general than the existing models, and that the connection to tensor networks, the investigation of the broader class of entanglement measures discussed in section 3, and the calculational techniques for entanglement measures in Haar-random states are novel, revealing an interesting connection to enumerative combinatorics of the symmetric group.
2 Tensor network models of black hole evaporation
In this section, we introduce a general class of quantum mechanical models in which the Hilbert space takes the form H BH ⊗ H rad , and the evolution proceeds through a series of discrete steps (corresponding to the release of radiation quanta) from an initial black hole state |Ψ BH ⊗ |0 rad to a final radiation state of the form |0 BH ⊗ |Ψ rad .
The black hole subsystem will have states at various energies with some density of states characterized by ρ(E) ∼ exp(S BH (E)) where S BH (E) describes the relation between entropy and energy for the type of black hole being considered. During the evaporation process, the energy in the black hole subsystem decreases with each radiation quantum emitted. Since the energy of these quanta is of order T (setting k B = 1), where T = dE/dS is the black hole temperature, the change in black hole entropy with each quantum emitted is of order one throughout the evaporation process:
The logarithm (in some base d) of the number of available states therefore decreases by one at each step. To model this, we represent the black hole subsystem as a direct sum
where This state will generally be mixed, since the resulting black hole state will now be entangled with the radiation subsystem.
We will assume that once a quantum is emitted into the radiation subsystem, its subsequent dynamics is trivial and does not influence the later evaporation of the black hole. To model this, we take the radiation subsystem to be a tensor product of equivalent subsystems,
each with some dimension D ≥ d. A black hole state in the subspace H BH n is taken to evolve via an isometry
which represents the emission of a single quantum into the first radiation subsystem. The full state evolves by combining this with a map that simply transfers the state of radiation subsystem n to the subsystem n + 1. Thus, acting on an arbitrary basis element for the full system, the evolution for a single time step is
The isometry condition I † n I n = 1 1 (with no summation over n) guarantees that the full map is information-preserving.
The model is summarized in figure 1 . We can think of each H rad n as the Hilbert space for a memory register in a quantum computer into which the information about each successive quantum of radiation is unitarily transferred. To make a precise connection with black hole evaporation in a complete theory of quantum gravity, we can imagine that the initial black hole is described by a high-energy state in some holographic CFT, which is coupled to some auxiliary systems as in figure 1 . The coupling is such that in the gravity picture, each quantum of black hole radiation is absorbed at the boundary of AdS and its quantum information is stored in the first auxiliary system, while the previously stored states are faithfully transferred along the chain.
Starting with an arbitrary state |m n in the subspace H BH n and evolving this for n time steps corresponds to the complete evaporation of the black hole, which can be described as an isometry
Noting that the space H BH n of dimension d n is isomorphic to the tensor product of n copies of a dimension d Hilbert space, we can represent the entire evolution by the tensor network shown in figure 2.
The model we have defined is information-preserving in the sense that each black hole state maps via (8) onto a unique state of the final radiation system. As a special case, we can make the choice D = d, which corresponds to the minimum dimension for which such an isometry is possible. In other words, information about the black hole state is encoded with maximal efficiency in the radiation system. In this case, each isometry in (6) and the overall map (8) are unitary transformations, since they are isometries between Hilbert spaces of the same dimension.
Measures of entanglement structure for multipartite systems
We will be interested in the entanglement structure of the final state, which in our model lives in a tensor product Hilbert space with n parts, if the initial black hole state is in H BH n . For any subsystem A (a collection of k of these parts) we can quantify the entanglement with the rest of the system via the entanglement entropy S A = − tr(ρ A log ρ A ). More detailed information is contained in the spectrum of ρ A , or equivalently in the Rényi entropies
These quantities represent the complete basis-independent information in the reduced density matrix for the subsystem A.
Starting from the full density matrix
there are additional quantities that we can define, generalizing the Rényi entropies, which are also invariant under an independent change of basis for each of the subsystems.
For the present discussion, the subsystems need not be identical. A change of basis in the mth system corresponds to a unitary transformation
Quantities that are invariant under all such transformations acting independently on each subsystem correspond to quantities built out of k copies of the density matrix, with the k lower indices corresponding to each subsystem contracted in some way with the k upper indices corresponding to the same subsystem. These possible contractions are labeled by elements of the symmetric group S k describing permutations on k elements. For example, a permutation (1, 2, 3) → (π(1), π(2), π(3)) in the case of three density matrices would correspond to contracting the lower index on the first ρ with the upper index on the π(1)st ρ, etc... . Thus, we have a basis-independent quantity for each n-tuple of elements of the permutation group. Specifically, we define
These quantities can be represented diagrammatically via tensor networks built from the ρ tensors, as in figure 3 .
As special cases, we note that for a subsystem A, setting π i to the identity element for i ∈Ā and π i to be the same cyclic permutation for each i ∈ A gives tr ρ k , as shown in figure 3b, so the Rényi entropies arise as a special case. But it is not hard to check that more general quantities, such as S 3 (ρ; (1)(23), (12)(3)) shown in figure 3c, cannot generally be expressed in (1)(23), (12)(3)) terms of the Rényi entropies and so give additional basis-independent information. 4 In fact, we can argue that they are the most general basis-independent quantities: each ρ transforms in the adjoint representation of the unitary group realizing the change-of-basis transformations for a particular subsystem. The most general invariants built from an object in the adjoint representation (viewed as a matrix) correspond to products of traces of products of the matrix i.e. quantities with all upper indices contracted to lower indices. Thus, any invariant will involve k copies of ρ with all the k lower indices for each subsystem contracted somehow with the k upper indices for the same subsystem. Our expression (12) represents the most general such quantity. As with the Rényi entropies, these quantities will not all be independent; this is clear since there can be only a finite number of independent invariant quantities when the subsystems are all finite-dimensional Hilbert spaces.
The information contained in these additional invariants which is not already present in the Renyi entropies captures the structure of multipartite entanglement in the final state. Familiar measures of multipartite entanglement, such as the 3-tangle for three qubit systems, can be shown to be special cases of these general invariants. Like the Rényi entropies, the more general invariants can be related to a spectrum of eigenvalues. For the Rényi entropies, these are the eigenvalues of operators obtained by contracting some of the indices on a single copy of ρ. The more general observables can be related to eigenvalues of operators mapping subsystems to themselves obtained by contracting some of the indices starting with multiple copies of ρ.
Calculation of average entanglement invariants
In this section we consider the calculation of the entanglement invariants of the previous section for the final state of the black hole radiation in the general tensor network models of section 2.
We are interested in the behavior of these invariants for a generic initial black hole state. For relatively simple quantities, we expect this to agree with the average over all black hole states in the given subspace (i.e. over the microcanonical ensemble of states with a given energy). Thus, we aim to calculate the quantities (12) averaged over the initial black hole state. We can use techniques similar to those used in the recent paper [19] .
In the general expression for S k (ρ; π 1 , · · · , π n ), the initial state of the black hole appears k times as a bra and k times as a ket. In calculating the average over states, we can use
where [dΨ] is the measure on the (2d n − 2)-dimensional space of normalized states invariant under unitary transformations and normalized so that [dΨ] = 1.
5 Thus, averaging over the initial state gives the normalization factor
)! times the sum over ways of pairing Ψs with Ψ
† s with the replacement
These pairings may be labeled by a permutation π ∈ S k .
In the expression (12) for a general invariant, the density matrices all take the form
where I is a D n times d n isometry matrix
that combines all of the isometries (6) defining the model (figure 2).
Thus, the k pairings yield k copies of the D n times D n matrix II † , which is a projection matrix satisfying (II figure 2 ), ρ rad = |Ψ rad Ψ rad |, the general invariant S k (ρ; π 1 , · · · , π n ), and the same invariant averaged over initial black hole states. The normalization factor is
Thus we have the general result that for the model specified by isometries I n , the averaged general invariants (12) capturing the entanglement structure of the final radiation state are given by
where we have defined
which has all the properties of a density matrix, with the additional property that (ρ
It defines a particular mixed state of the final radiation system with the property that all averaged entanglement invariants in the original model can be calculated as linear combinations of entanglement invariants for this particular state. Thus, we can think of it as a "master state" associated to the model.
The simplest nontrivial quantity corresponds to the case k = 2, where we choose π i to be the identity for a subset A of the radiation subsystems and π i equal to the swap permutation for the remaining subsystems, giving tr(ρ 2 A ). From (17), we obtain tr (ρ
where cyc is the permutation swapping the two elements. More generally, we have that
where in the sum, all indices corresponding to the subsystem A are contracted according to π while all indices corresponding toĀ are contracted according to π · cyc where cyc is a cyclic permutation. Thus, in general the traces appearing in the Rényi entropies for subsystems of the radiation system are computed as linear combinations of the more general invariants for the auxiliary density matrix ρ I .
Results for the maximally efficient models
For the special case D = d where the dimension of the radiation subsystem in which the information about the black hole initial state matches the dimension of the space of initial black hole states, the isometry I represents a unitary map, so we have that II † = 1 1 and
Thus, the averaged general invariants (12) are identical in all such models, regardless of our choice of I n .
These universal results are
Here, C(π) is defined to be the number of cycles in the permutation π, and to obtain the third line, we have used that
which follows from the definition. The last line follows since S k (1 1; π) corresponds to taking k copies of the identity matrix and contracting according to π which gives a product of traces of the d × d identity matrix, one for each cycle in π. Rearranging the last line above, we obtain the final result
or equivalently
where D i represents the total dimension of the subsystem whose indices are contracted according to the permutation π i .
Diagrammatically, this result is obtained from the last image in figure 4 by removing all the Is and I † s, since in each case, these contract with each other to give an identity matrix. We then connect up all the lines according to the permutations, and assign a factor of d to each loop, since the loops each correspond to a trace of the d×d identity matrix. The calculation in figure 4 with the isometries amounts to calculating the entanglement invariants for a general state of the radiation system and then averaging over all possible states |Ψ = U|Ψ 0 via the Haar measure on unitary matrices U. Thus, the universal results that we obtain in this case are exactly the entanglement invariants in Haar-random multipartite systems. Some of these were previously known and can be used to provide a check of our result; in other cases, our formulae give new results for general entanglement invariants of Haar-random systems.
As examples, we can calculate the average for the quantities shown in figure 3 where we take the subsystem B to represent the first j radiation subsystems (i.e. the systems storing the first j quanta emitted). From the formula (23), we have for the quantity in figure 3b,
Using this result, we can obtain a measure of how close the density matrix describing the first j radiated quanta is to the maximally mixed density matrix for that system. Making use of the dstance measure Dist(ρ, σ) = tr((ρ − σ) 2 ) we obtain from the previous result that the averaged distance to the maximally mixed state is
Recalling that n represents the entropy of the black hole, we see that for j ≪ n, the density matrix for the radiation subsystem is extremely close to maximally mixed, of order e
−cS BH
for some order one number c. Only when j is nearly equal to n (i.e. almost all quanta emitted) is the radiation density matrix significantly different from maximally mixed; this agrees with previous expectations [15, 20, 21, 22] .
As another simple example, we can compute the average for the more general quantity shown in figure 3c . Denoting the elements of S 3 by {id = (1)(2)(3), σ 12 = (12)(3), σ 23 = (1)(23), σ 13 = (2)(13), cyc = (123), cyc −1 = (132)} .
(26) we have
Thus, we obtain from (23), using the multiplication rules for the permutation group,
Here again, we take the subsystem A to be the first j radiation subsystems.
Result for general invariants in a bipartite system
Calculating these invariants directly as in our examples becomes cumbersome as k becomes larger. Fortunately, we can come up with a somewhat more explicit formula in the case where only two different permutations matrices appear; this includes as a special case the Rényi entopies for arbitrary subsystems.
Starting from the general expression 24, we have
where we have changed the summation variable to σ = ππ 1 . Thus, the result depends only on the combination π
Using the methods of enumerative combinatorics, we can express this directly in terms of the irreducible characters χ λ : S k → C with λ a partition of n giving the cycle structure of the permutation. The result, derived in detail in the appendix, is:
where the sum is over all partitions λ of k and c : P ar(k) → Z gives the content of the u th cell in the Young diagram of λ.
We can apply this to the case where π 1 = id and π 2 = (1 2 · · · n) to obtain an expression for the trace of the kth power of the reduced density matrix for the subsystem with j parts. As shown in the appendix, we obtain:
where the last line is a generalized hypergeometric function. Via (9) this gives a general result for the Renyi entropies of arbitrary subsystems of the final radiation system. This result has been found to agree with the formula for Renyi entropies of Haar-random states previously obtained in [16] (for specific powers up to 10) though our result gives a more explicit closed form.
The derivation of equation 30 relied only on the factorization of the Hilbert space into a bipartite system, thus, this formula holds for the reduced density matrix of an m dimensional subsystem A in any bipartite Hilbert space of dimension mp simply by replacing d j , d n−j , and d n by m, p, and mp respectively. Finally, using the formula
for entanglement entropy in terms of Renyi entropies, we obtain (taking j ≤ n − j)
which is precisely Page's formula for the average entanglement entropy of a subsystem in a bipartite Hilbert space [15] . This provides a check of our results.
Constraints from an "information-free" horizon
For the case D = d, we have seen that all entanglement invariants are independent of the specific model once averaged over all possible initial black hole states. This will not be the case in the more general situation where D > d. In this case, we can try to come up with constraints on the isometries I based on information-theoretic quantities in order to incorporate additional physics expected in black hole systems.
A characteristic feature of black hole systems is that the horizon is "information-free" within the semiclassical approximation. In Hawking's calculation, the black hole radiation is completely independent of the microstate of the black hole apart from its overall conserved charges. In a unitary model, this cannot be precisely true, but we can try to demand that the outgoing radiation carries as little information as possible, on average, about the black hole state.
As an example of a specific criterion, we can try to choose isometries I n so that the state of the radiation subsystem after an emission step (6) is as close as possible to being maximally mixed. Specifically, we will try to minimize
where the average is over all initial states. Here, the particular choice of distance measure is for technical convenience.
For each n, the isometry is a map from a d n dimensional Hilbert space to a tensor product Hilbert space with factors of dimension d n−1 and D. This is described explicitly by a tensor I a bc where we are suppressing the label n. It will be convenient to associate this to a pure state |Ψ = a,b,c
of a tripartite system, whose parts we will label as A, B, C.
Using the result (19) we find that in terms of the state |Ψ I , the averaged distance in (33) is given by Dist
Asρ B andρ C are reduced density matrices, they are hermitian and have trace one. As a simple application of the Cauchy-Schwarz inequality, one can show that a N × N hermitian matrix M with tr(M) = Q must satisfy tr(M 2 ) ≥ Q 2 /N, with equality if and only if M ∝ 1 1 N . Hence, one can minimize equation 35 by choosing I so thatρ B andρ C are both proportional to identity. Further, the condition that I is an isometry is precisely that ρ A ∝ 1 1 d n . Thus, the radiation will be as close as possible to maximally mixed if the pure state associated with each isometry I n has each subsystem maximally mixed.
Isometries achieving this condition of corresponding to states with maximally mixed subsystems can exist only for certain dimensions D which are not too large relative to d. By the Schmidt decomposition, each subsystem's reduced density matrix must have the same non-zero eigenvalues as the density matrix describing the other two subsystems together. Since we require these matrices to be full rank, the dimension of each subsystem must be less than or equal to the product of the other two subsystems' dimensions. So we have that d ≤ D ≤ d 2n−1 in order to achieve the minimum suggested by the Cauchy-Schwarz inequality. 6 .
it is not always possible to find pure states with maximally mixed subsystems. It turns out that the problem of constructing and classifying such states for general dimensions (A, B, C) is a rich mathematical question with connections to symplectic geometry, geometric invariant theory, and representation theory of finite and compact groups. On the quantum information theory side, it is related to the problem of classifying states under LOCC (local operations and classical communication) transformations. A more complete discussion of this interesting problem will be the subject of an upcoming paper [23] .
Discussion
In this paper, we have introduced technical tools based on tensor networks for studying a broad class of toy models for unitary black hole evaporation. Given a set of isometries specifying any such model, averages for general bipartite/multipartite entanglement measures may be computed directly from the general result (17) . Applying this in the case where the dimension of the final radiation system is the same as the initial black hole subsystem, we have obtained explicit results that are model-independent. We have argued that these must match the results for multipartite entanglement measures in Haar random systems, and show that our expressions agree with and generalize known formulae for this case.
Using our technology, it would be interesting to investigate specific models incorporating additional features of black hole physics. We have explored one such direction, finding conditions on the isometries which guarantee that the radiation state after an evolution step is as close to maximally mixed as possible. Interestingly, the required isometry tensors have the property that the associated quantum states have each subsystem maximally mixed. This same property appears for perfect tensors, which played a key role in another recent toy model of a gravitational system, the HaPPY model of holographic states [24] . It would be interesting to further explore our black hole models built from tensors with these properties and to consider other possible conditions designed to capture in more detail the physics of black holes.
where d : S k → N gives the number of cycles in the decomposition of the permutation and c : P ar(k) → Z gives the content of the u th cell in the Young diagram of λ. Cancelling the hook length products on the left-hand side (LHS) of equation 37 and multiplying by k! gives, by corollary 7.21.6 of [25] :
where
We define the polynomial F λ (x, y):
where ρ(π 1 ) = λ, as this exact quantity (for π 1 = (1 2 · · · k)) appears in the expression for T r(ρ k ) . We also define the following symmetric polynomial:
with a j giving the number of times j appears in λ. The second equality of (41) follows as
is the number of elements in the conjugacy class given by λ and F λ (x, y) is invariant under conjugation of π 1 . We now show that G k is equal to the right-hand side (RHS) of equation 38. Multiplying by ω 
2 (exactly one ω 2 for each choice of ω 1 ) that contribute terms to the sum involving that particular ω 3 . Furthermore, the sum runs over all ω 3 ∈ S k , giving a total of k! z λ k! terms in the sum involving p λ . Looking at equation 41, these two expressions clearly involve the same of number of terms with p λ for any given cycle type λ, thus, it remains to show that, in these sums, the powers to which x and y are raised are the same.
First, let ∼ be the conjugacy equivalence relation in S k (i.e. for π, σ ∈ S k : π ∼ σ ⇔ ∃τ ∈ S k s.t. τ στ −1 = π ⇔ π and σ have the same cycle structure). Obviously if π ∼ σ, then ρ(π) = ρ(σ) and d(π) = d(σ). Now suppose we fix σ of equation 41 and ω 3 ∼ ω 
where χ is an irreducible character of S k . Proposition 7.9.3 of [25] gives the scalar product of power-sum symmetric polynomials, thus, taking the scalar product of G k with p ν , we obtain: 
We have therefore extracted the following final result for the polynomial F λ (x, y):
In the case of a cyclic permutation as π 1 in the definition of F λ (x, y) (equation 40), we have ρ(π 1 ) = k = ν. In this case, the Murnaghan-Nakayama rule (Theorem 7.17.3 of [25] ), gives the irreducible character χ λ ( k ) as non-zero only in the case that λ is a partition of k with at most one part greater than 1, in which case the irreducible character is (−1) l(λ)−1 , where l : P ar(k) → N gives the number of parts of the partition. Suppose we have λ = 1 m k − m , then l(λ) = m + 1, so χ λ ( k ) = (−1) m . From the Young diagram of λ it can be shown that c(u) ∈ {−m, −m + 1, ..., −1, 0, 1, ..., k − m − 1} = W , with c(u) taking each value in W exactly once when going over all u ∈ λ. Also from the Young diagram, along the column h(u) ∈ {1, 2, ..., m}, at the corner h(u) = k, and along the row h(u) ∈ {1, 2, ..., k − m − 1}, with each value taken on exactly once when going over all u ∈ λ. Thus, for this λ ⊢ k, the term in the sum of equation 45 is (−1) 
Equation 46 gives the polynomial appearing the expression for T r(ρ k ) (equation 30), since the matrix multiplication in ρ k corresponds to index contractions represented by a cyclic permutation.
